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A VERY BRIEF INTRODUCTION TO CLIFFORD ALGEBRA 


STEPHEN CROWLEY 


ABSTRACT. This article distills many of the essential definitions from the very thorough book, 
Clifford Algebras: An Introduction, by Dr D.J.H. Garling, with some minor additions. 
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1. DEFINITIONS 
The contents of this paper are distilled and in many instances copied verbatim from the very 


thorough [1]. 


1.1. Notation and Symbols. The symbol Z denotes the set of integers. The symbol “V” repre- 
sents the expressions “for all” or “for each”. Likewise, the symbol “€c” means “is an element of” or 
“in”. Additional symbols and notations will be introduced as needed. 
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1.2. Groups. A group is a non-empty set G together with a composition law, a mapping (g,h) > 
gh from G x G to G which satisfies 

1. (gh)j = g(hj)Vg,h,j € G (associativity) 

2. there exists e in G such that eg = ge = gVg € G and 

3. Vg € G there exists g`! € G such that gg~! = g- 1g =e 


It follows that the identity element g is unique and that Vg € G the inverse g7} is also unique. 


A group G is said to be abelian(named after the Norwegian mathematician Niels Henrik Abel), or 
commutative, if gh = hgVg,h € G. If G is commutative then the law of composition is often written 
as addition: (g,h) > g +h where in such case the identity is denoted by 0 and the inverse of g by 


—g. 


1.2.1. Subgroups. A non-empty subset H of a group G is a subgroup of G if hiho € H and ht € H 
whenever h € H then H becomes a group under the law of composition inherited from G and this 
situation is denoted by H C G if H is possibly equal to G and H C G if H is strictly contained in 
and definately not equal to G. 

If A C G then there is a smallest subgroup Gp(A) of G which contains A called the subgroup 
generated by A. If A = {g} is a singleton then we write Gp(g) for Gp(A). Then Gp(g) = {g:n € 
Z} where g? = e, g” is the product of n copies of g when n > 0, and g” is the product of |n| copies 
of g-' when n < 0. A group G is cyclic if G = Gp(g) for some g € G. If G has a finite number of 
elements then the order o(G) of G is the number of elements of G. If g € G then the order o(g) of 
g is the order of the group o(Gp(g)). 

A mapping 0 : G > H from a group G to a group H is a called a homomorphism, or simply a 
morphism, if 


0 (g192) = 9 (g1) 0 (g2) Voi, 92 € G 

It follows that 6 maps the identity in G to the identity in H and that 0(g~') = 6(g)~!. A bijective 
morphism is called an isomorphism, and an isomorphism G —> G is called an automorphism of G. 
The set Aut(G) of automorphisms of G forms a group when the law of composition is taken as the 
composition of mappings. 

It should be pointed out that a homomorphism is not the same as a homeomorphism. The 
Greek meaning of homomorphism is “to form alike’ whereas a homeomorphism is a “continuous 
transformation” . 


1.2.2. Quotient Groups. A subgroup K of a group G is a normal, or self-conjugate, subgroup if 
g thg € KYg € G,k € K. If 0 : G > H is a homomorphism then the kernel ker(0) of 0, the set 
{g € G: 0, = ep} is a normal subgroup of G where ey is the identity in H. 

Conversely, suppose K is a normal subgroup of G then the relation gı ~ g2 is an equivalence 
relation on G if gy 'g2 € K. The equivalence classes are called the cosets of K in G. If C is a coset 
of K then C is of the form Kg = {kg : k € K} and Kg = gK = {gk : k € K}. If Cy and Cù are 
cosets of K in G then so is C1C2 = {c1c2 : c1 E€ C1,C2 E€ Co};if Cı = Kg and C2 = Kg then 
CıC2 = Kgıg2. With this composition law the set G/K of cosets is known as the quotient group 
having identity K and (Kg)~! = Kg~'. The quotient mapping defined by the equivalence relation 
q:G—G/K is then a morphism of G onto G/K, with kernel K, and q(g) = Kg. 


1.2.3. Exact Sequences, Centers, and Centralizers. A group G is simple if it has no normal sub- 
groups other than {e} and G. The group with one element is denoted by 1 if the composition 
law is multiplication, or 0 if the composition law is addition. Suppose that a sequence of groups 
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{Go = 1, G1, ..-, Gk, Gk+1 = 1} is given and that 0; : Gj > Gj41 is a morphism for 0 < j < k then 
the diagram 


00 Ok 





0 0 TA 
EAN e EEN e EIE E 


is an exact sequence if 0j—ı(G;j—1) is the kernel of 0;V1 < j < k. When k = 3 the sequence is a 
short exact sequence. For example, if K is a normal subgroup of g and q : G > G/K is the quotient 
mapping then 


tie Soe 1, G/K — 1 





is a short exact sequence. If A is a subset of a group G then the centralizer Cg(A) of A in G is 
defined as 


Cae(A) = {g E G: ga = agva € A} 
Similarly, the center Z(G) = Ca(G) is defined as 
Z(G) ={g€G: gh=hgvhe G} 


and is anormal subgroup of G. The product of two groups G x G2 is a group when the composition 
law is defined by 


(91, 92)(h1, h2) = (g1h1, g2h2) 
The subgroup G x {e2} is identified with Gi and the subgroup {e1} x G2 with Go. 


1.2.4. Specific Instances. The set of real numbers R forms a commutative group when addition 
is the composition law. The set of non-zero real numbers R* is a group under multiplication. 
The set of integers Z is a subgroup of R. Any two groups of order 2 are isomorphic. Denote 
the multiplicative subgroup {+1,—1} C R by D2, and the additive group {0,1} by D2 which is 
isomorphic to the quotient group Z/2Z. Though they are small, these groups play fundamental 
roles in the theory of Clifford algebras and other branches of mathematics and physics. Suppse 
there is a short exact sequence 


1 — Də Í G 2, G >1 





Then j(D2) is a normal subgroup of Gi, from which it follows that j(D2) is contained in the 
center of G1. If g € G then we write —g for j(—1)g. Then 0(g) = 0(—g) and if h € Go then 
0-1{h} = {—g, g} for some g € G in which case we say that G, is a double cover of Gz. Double 
covers play fundamental roles in the theory of spin groups. The complex numbers C form a 
commutative group under addition and R is a subgroup of C. The set C* of non-zero complex 
numbers is a group under multiplication. The set T = {z € C: |z| = 1} is a subgroup of C*. There 
is also the short exact sequence 


0> Z SR 1T I 





where q(0) = e278. The subset Tn = ferrin :0<j <n} = {z€ C: 2” = 1} is acyclic subgroup of 
T of order o(n). Conversely, if G = Gp(g) is a cyclic group of order n then the mapping gë > e2"** 
is an isomorphism of G onto Ty. 
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1.2.5. Mappings. A bijective mapping of a set X onto itself is called a permutation. The set Sx 
of permutations of X is a group under the composition of mappings. The permutation set ix is 
noncommutative if X contains at least 3 elements. The group of permutations of the set {1,..., n} 
is denoted by %,. A transposition is a permutation which fixes all but 2 of the elements. The 
permutation group ©» has a normal subgroup An of order in! composed of all the permutations 
that can be expressed as the product of an even number of transpositions. Thus, we have the short 
exact sequence 


1— A4 -5,5 D: — 1 





The signature is defined by 


TE +1 cEAn 
EO) = ) _1 otherwise 


1.2.6. Dihedral Groups. The full dihedral group D is the group of isometries of the complex plane 
C which fix the origin 
D={g:C>C: g(0) = Oand |g(z) — g(w)| = |z — w|Yz,w € C} 

An element of D is either a rotation Rg = ez or a reflection Sg = et? z. The set Rot of rotations 
is a subgroup of D and the mapping R : et? — Rọ is an isomorphism of T onto Rot. Particularly, 
we see that R,(z) = —z since 

S2(z) = t (ez) = ee z = z 
A similiar calculation shows 

S7 RgSe = Rọ 

so that R is a normal subgroup of D. We have an exact sequence 


ree 





>D Ds >1 


where 6(Rg) = 1 and 6(S9) = —1V0 € [0,27). If we let Rn = R(T,,) and then Do, = Rn U Rn S0 
is a subgroup of D called the dihedral group of order 2n(some authors use the notation Dn). The 
symbol “U” means “union”. There is an equivalence relation D4 = Də x Da so we see that Dy is 
commutative. If n > 3 then Dən is the symmetry group of a regular polygon with n vertices with 
the center at the origin. The subgroup D2, of D is a noncommutative subgroup of order 2n. If 
n = 2k is even then Z(Dən) = {1,r_i} and we have the short exact sequence 





1 — D — Dən — Do, — 1 


The group Dən is a double cover of Do. If n = 2k + 1 is odd then Z(Dən) = {1}. Particularly, 
the dihedral group Dg is the noncommutative group of symmetries of the square with center at the 
origin. Let’s set a = r;, 8 = 01, Y = g; then Dg = {+1, ta, +8, +y} where —x denotes r£ = £r 
and 




















There is the short exact sequence 
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= 











1.2.7. Quaternions. The quaternionic group Q is a group of order o(8) with elements { 
having identity element 1 and the composition law defined by 





i =-1 7 =-1 k? =-1 


where (—1)x = z(—1) = —2, (—1)(—x) = (—x)(—1) = aVa € {1,i,j,k}. The center of Q is 
Z(Q) = {+1,—1} and there is the short exact sequence 


1 — D — Q — D; 1 








The group of quaternions Q is a double cover of the commutative dihedral group D4. The groups 
Dg and Q are particularly important in the study of Clifford algebras and both provide double 
covers of D4 but they are not isomorphic to each other. Q has 6 elements of order 0(4), 1 of order 
o(2), and 1 of order o(1). Dg has 2 elements of order 0(4), 5 of order o(2), and 1 of order o(1). 

Both R and C are real finite-dimensional algebras, with real dimension 1 and 2 respectively, 
and both are also fields since every non-zero element within them have multiplicative inverses. A 
division algebra is a noncommutative field. The algebra H of quaternions provides an example of 
a noncommutative finite-dimensional real division algebra. The space of 2 x 2 complex matrices 
Mə (C) can be considered as an 8-dimensional real algebra. The associate Pauli matrices 70,2,y,z, 
to be introduced in a later section, form a linearly independent subset of Mə (C) and so their real 
linear span is a 4-dimensional subspace of H. If we let h = ato + bt; + cTy + dr; € H then 


h= ( a+id ib+c ) 





ib—c a—id 
and consequently 
n=( n )vewee 
-ù 2 

H is a 4-dimensiional unital subalgebra of the 8-dimensional real algebra Mə (C) since composition 
of the associate Pauli matrices generates the group 7(Q). Elements x € span (1) are called real 
quaternions iff x is in the center Z (H) of H. Elements of span (i, j, k) are called pure quaternions, 
the space of which is denoted by Pu (H), iff x? is real and non-positive. 


1.3. Vector Spaces. 


1.3.1. Linear Subspaces. Let K denote the field of either the real IR or complex C numbers. A 
vector space E over K is a commutative additive group (E, +), together with a mapping, scalar 
multiplication, (A, £) > Ax of K x E into E which satisfies 

elx=2 

e (A+ p)(x) = àz + ux 

e A(ua) = (Ap)x 

e A(x +y) = àr + Ay 
VA,u € K and x,y € E. The elements of E are called vectors and the elements of K are called 
scalars. It follows that 02 = 0 and 40 = 0Yx € E, A € K. Note that the same symbol 0 is used for 
the additive identity element in Æ and the zero element in K. A non-empty subset F of a vector 
space F is a linear subspace of E if it is a subgroup of E and Ax € UVA € K,x € F. A linear 
subspace is then a vector space with operations inherited from E. If A is a subset of E then the 
intersection of all the linear subspaces containing A is a linear subspace known as the subspace 
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span(A) spanned by A. If E is spanned by a finite set then FE is said to be finite-dimensional. By 
convention, all considered vector spaces will be finite-dimensional unless otherwise stated. 

A subset B C E is linearly independent if whenever A;,...,A% are scalars and 61,...,b, are 
distinct elements of B for which 1b; +---Azby = 0 then Ay =--- = Ay, = 0. A linearly independent 
finite subset B C E which spans £ is called a basis and is denoted by (bi,...,ba). If (b1,..., ba) 
is a basis for E then every element x € E can be written uniquely as x = 71b; +---+ zaba = 0 
where 21,...,%q are scalars. All finite-dimensional vector spaces have a basis. If A is a linearly 
independent subset of E contained in a subset C C E which spans F then there is a basis B for E 
such that A C B C C. Any pair of bases have the same number of elements which is the dimension 
of E denoted dim(£). For example, let E = Kt be the product of d copies of K with coordinatewise 
addition and with scalar multiplication 


A(a@1,---;@a) = (Ari,..., Ava) 


If e; = (0,...,0,1,0,...,0) is a vector with 1 in the jth position then K@ is a vector space having 
basis (e1,..., ea) called the standard basis. More generally, let Mm,n = Mm,n(K) denote the set of 
all K-valued functions on {1,...,m} x {1,...,n} then Mm,n becomes a vector space over K when 
addition and multiplication are defined coordinatewise. The elements of M,,,, are the familiar 
matrices. The matrix taking the value 1 at (i,j) and 0 elsewhere is denoted F; j. The set of 
matrices {F;j : 1 Si < m,1 <j <n} forms a basis for Mm,n so that dim(Mm,n) = mn. 

If Eı and E> are vector spaces then the product EF, x E> is also a vector space with addition 
and scalar multiplication defined by 


(x1, £2) + (Y1, ya) = (£1 + y1, T2 + y2) 
A(@1, £2) = (Ax1, AX2) 


where dim(£, x E2) = dim(£,) + dim(£2). A mapping T : E > F where E and F are vector 
spaces over the same field K is linear if 


T(x +y) = T(x) +Ty) 
T(Ax) = AT (x) 


The image T(E) of E is a linear subspace of F and the null-space defined by N(T) = {x E€ E: 
T(x) = 0} is a linear subspace of Æ. The rank of T is rank(T) = dim(T(E)) and the nullity of T 
is n(T) = dim(N(T)). The fundamental rank-nullity formula is then rank(T) + n(T) = dim(£). 

A bijective linear mapping J : E —> F is called an isomorphism iff(if and only if) N(J) = {0} 
and J(£) = F then dim(£) = dim(F’). The topology of a vector space can be considered by noting 
that K? is a complete metric space having the usual Euclidean distance metric 


d 
X eps 
j=l 


We can then define a norm ||.|| on F by setting ||.J(«)|| = ||z|| which depends on the choice of the 
basis, however any pair of norms are equivalent and define the same topology. If F, and F are linear 
subspaces of Æ for which the linear mapping (z1, £2) > £1 + z2 : Fı x Fə > E is an isomorphism 
then E is the direct sum of F, and Fə denoted by F; @ Fə. This happens iff Fy N Fy = {0}, 
E = span(F UF») and every element x € E can be written uniquely as x = 71 +%2Va21 E€ Fi, £2 € Fo. 
Suppose that (e1,...,eq) is a standard basis for F and that yi,...,yq are the elements of a vector 
space F. If x = Ayey +... + Ageg E E and T(x) = Avy, +--+: + Aaya then T is the unique linear 





VAE Kix, yE E 


d(x, y) = 
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mapping of E into F for which T(e;) = yj;V1 < j < d. This process of constructing T is called 
extension by linearity. 


1.3.2. Endomorphisms. The set L(E, F) of linear mappings from E to F is a vector space defined 
by 

(S+T)(x) = S(x) + T(x) 

(As)(a) = A(S(x)) 
where dim(L(E, F)) = dim(£)dim(F). The elements of L(E) = L(E, E) are the endmorphisms 
of E. The Greek meaning of the word endomorphism is “to form inside”. The composition of 
T € L(E,F) and S € L(F,G) is ST = SoT C L(E,G). Suppose that (e1,...,eq) is a standard 
basis for E, (fi,..., fa) is a basis for F and that T € L(E, F). If we let T(e;) = U%_,ti, fi and 
L= LITE; then T(x) = Dfa (Gy tags) fi The mapping T — (t;;) is an isomorphism of 
L(E, F) onto Mea so that dim(L(E, F)) = cd = dim(E)dim(F). T is said to be represented by 
the c x d matrix (tij). If (g1,...,ga) is a basis for G and S € L(F,G) is represented by the matrix 
(sni) then the product R = ST € L(E,G) which defines matrix multiplication is represented by 
the matrix (raj) where raj = Uf) Sniti;. If (e1,..., ea) is the standard basis for Æ then an element 
T € L(E) of the endmorphisms of Æ can be represented by a matrix (t;;), and the mapping 
T > (tij) is an algebra isomorphism of L(£) onto the algebra Ma (K) of d x d matrices, where 
composition is defined as matrix multiplication. 


VS,TEL(E,F),«#e BACK 


1.3.3. Duality of Vector Spaces. R is a 1-dimensional vector space over K whereas C is a 2- 
dimensional vector space over R with basis {1,7}. The space L(E, K) is called the dual or dual space 
of E and is denoted by F’, the elements of which are known as linear functionals on E. Suppose 
that (e;,...,eq) is a basis for E. If we let x = U4, a;e; and ¢;(x) = xV1 < i < d then ¢; € E’ 
and (¢1,...,¢q) is a basis for E’ known as the dual basis of (e1,...,eq). Thus dim(£) = dim(E’). 
If xe E, € E” and j(x)(¢) = (x) then j : E > E” is an isomorphism of E onto E”, the dual of 
E" known as the bidual of E. 

Suppose that we let T € L(E, F), € F’,x € E and (T"(w))(x) = Y(T (x)) then T(w) € E’ and 
T’ is a linear mapping of F’ into E’ known as the transposed mapping of T. If A is a subset of E 
then the annihilator A+ in E’ of A is the set 


A+ ={¢ġ € E’: ġ(a) = 0Ya € A} 


which is a linear subspace of E’. Similiarly, if B is a subset of E’ then the annihilator B+ in E of 
B is the set 


BŁ = {x € E : (£) = 0V¢ € B} 


It then follows that A++ = span(A) and B++ = span(B). If F is a linear subspace of E then 
dim(F) + dim(F+) = dim(E). If T € L(E, F) then T(E)+ = N(T’) and N(T)+ = T'(F'). 


1.4. Algebras, Representations, and Modules. A finite-dimensional associative algebra A over 
K is a finite-dimensional vector space over K equipped with a composition law (a,b) > ab from 
A x A — A which satisfies 

(ab)c = a(bc) (associativity) 

a(b+c) =ab+ac 

(a+ b)c = ac + be 

(ab) = (Aa)b = a(Ab) 
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VA € K,a,b,c € A where, as usual, multiplication takes precedence over addition. An algebra A is 
said to be unital if there exists 1 € A, the identity element, such that la = al = aVa € A. Most 
algebras to be considered will be unital. An algebra is said to be commutative if ab = baVa,b € A. 
A mapping ¢ from an algebra A over K to an algebra B over K is said to be an algebra morphism 
if it is linear and ¢(ab) = $(a)(b)Va, b € A. If A and B are unital and ¢(14) = 1g where 14 is the 
identity element of A and 1p is the identity element of B then ¢ is said to be a unital morphism. 
An algebra morphism of an algebra into itself is called an endomorphism. 

Suppose that G is a finite group with identity element e then K@ is a finite-dimensional vector 
space with basis {6, : g € G} known as the group algebra which is commutative iff G is commutative. 
Multiplication on K@ is defined by letting a = Uyeqagd, and b = > b,6, then setting ab = 


D Cgôg where 
Cg = Jo anbj = 5 anbp-1g = x Qgj-1b; 
hj=g hEG jEG 

If A is an algebra then the opposite algebra A°PP is obtained by keeping addition and scalar multi- 
plication the same and defining a new composition law by reversing the original so that a * b = ba. 
A linear subspace B of an algebra A is a subalgebra of A if bibọ € BYbı,b2 € B. If A is unital then 
a subalgebra B is a unital subalgebra if the identity element of A belongs to B. For example, if A 
is a unital subalgebra then the set End(A) of unital endomorphisms of A is a unital subalgebra of 
L(A). The centralizer C4(B) of a subset B of an algebra A is 


Ca4(B) = {a € A: ab = bavb € B} 


and the center Z(A) of A is the centralizer C4(A) which is a commutative subalgebra if A is a 
unital algebra 


gEG 


Z(A) = {a € A: ab = baVb € A} 
A unital algebra is said to be central if Z(A) is the 1-dimensional subspace span(1). An element p 
of an algebra A is an idempotent if p? = p. If p is an idempotent of a unital algebra A then 1-— p is 
also an idempotent and A = pA®(1—p)A is the direct sum of linear subspaces of A. If additionally 
p € Z(A) then pA and (1—p)A are subalgebras of A with identity elements p and 1 — p respecively. 
The subalgebras pA and (1 — p)A are unital if p € {0,1} in which case the mapping a —> pa is a 
unital algebra morphism of A onto pA. An idempotent in L(E) or Ma(K) is called a projection. 


1.4.1. Super-algebras. An element j of a unital algebra A is an involution if j? = 1 from which it 
follows that iit is an idempotent. In a similiar way, an endomorphism 0 of an algebra A is an 
involution if 6? = J. If 0 is an involution of a unital algebra A and p = 74% then we can write 
A= At & A` where At = p(A) and A` = (I — p) (A) then p(A) is a subalgebra of A such that 











At= {a€A:6(a) =a} 
A = {ac A:0(a)=-—a} 
and 
At.At CG At 
A~.A~ C At 
(1) eae Ae 
ATAC A 


Conversely, if A = A*t @ A” is a direct sum decomposition for which (1) holds, then the mapping 
which sends at + a~ to at — a` is an involution of A known as the Zo-graded algebra or super- 
algebra. The elements of At are called the even elements and the non-zero elements of AT are 
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called the odd elements. Any element a of A can be decomposed as a = at + a7, the sum of the 
even and odd parts of a. If a E€ At U A` then a is said to be homogeneous. The real algebra C is 
a super-algebra when the involution j is defined as j (a + iy) = x — iy. 





1.4.2. Ideals. If a is an element of a unital algebra A then 6 is a left inverse of a if ba = 1. An 
element b is similiarly said to be a right inverse of a if ab = 1. a is invertable if it has both a left 
and right inverse in which case they are unique and equal. This unique element is called the inverse 
of a and is denoted by a~!. The set of invertible elements is denoted by G (A); it is a group under 
functional composition. G (A) is called the general linear group of A when A is the endomorphisms 
of a vector space L (E). Similiarly, we denote G (Ma (K)) by GLa (K). 

There is a unique mapping known as the determinant, det : Ma (K) > K satisfying 


det (ST) = det (S).det (T) 
det (I)= I VS,T € Ma (K), àE K 
det (AT) = A*det (T) 


where T € GLa (K) iff det (T) 4 0. A subalgebra J of an algebra A is a left ideal if aj € JVa € 
A,j € J; similarly, J is a right ideal if ja E€ JVa € A,j € J. A subalgebra which is both a left 
ideal and a right ideal is called a two-sided ideal, or simply an ideal. If ọ : A — B is an algebra 
morphism then the null-space N (¢) = {a € A: ¢(a) = 0} is an ideal in A. An ideal J in a unital 
algebra is said to be a proper ideal iff J is a proper subset of A which is the case iff 14 ¢ J. An 
algebra A is a simple algebra if the only proper ideal in A is the trivial ideal {0}. 


1.4.3. Representations. A morphism 7 from a unital algebra A into a d x d symmetric matrix 
Ma (K) or a set of endomorphisms of a vector space L (E) is called a representation of A. A linear 
subspace F of E is m-invariant if 7(a)(F) C FVa € A. The representation m is an irreducible 
representation if {0} and F are the only z-invariant subspaces of E. If m is one-to-one then it 
is said to be faithful. A faithful representation of A is therefore a unital isomorphism of A onto 
a subalgebra of the space of real and complex d x d symmetric matrices denoted by My (K); the 
elelements of A are represented as matrices. An important example of a faithful representation 
is the left regular representation |: A — L(A) of a unital algebra A which is given by setting 
l (a) (b) = ab for which la (1) = a so we see that l is faithful. 


1.4.4. The Exponential Function. Suppose that A is a finite-dimensional real unital algebra and |.| 
is a norm, or equivalently a distance metric, on A. Another norm on A can be defined by setting 
||a|| = sup{|ab] : |b] < 1}, where sup in simple terms means “maximum value”; then ||J|| = 1 and 
||ab|| < |lal].||b||. It then follows that if a € A then the sum e! = arm A converges. The mapping 
a — e° from A to A is called the exponential function. 


Proposition 1. Suppose that A is a finite-dimensional real unital algebra and that a,b € A then 


i. The exponential function is continuous 
ii. If ab = ba then et? = ete? 
iii. e° is invertible with inverse e7 
iv. The mapping t + e is a continuous morphism of the group (IR, +) into G(A) 

v. If ab = —ba then e*b = be~* 

vi. If a? = —1 then e° = cos(t) + sin(ta), the mapping e* — e°% is a homeomorphism of T onto 

a compact subgroup of G(A), and the mapping t > e'* from [0,3] into G(A) is a continuous 

path from I toa. 


a 
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vii. Suppose that a # I and that a? = I, then e'* = cosh (t) +sinh(ta), and the mapping t + e% is 
a homeomorphism of R. onto an unbounded subgroup of G(A). 


1.4.5. Group Representations. The representation of groups can also be considered. A morphism 
from a group G into GLa(K) is called a representation of G, and m is said to be faithful if it 
is injective(one-to-one). A faithful representation of G is therefore an isomorphism of G onto a 
subgroup of GLa( K); the elements of G are represented as invertable matrices. For example, the 
mapping 7: D — M2(R) defined by 


B cos(0) —sin(@) 
n(Ro) = sin(@)  cos(0) ) 

B cos(#)  sin(0) 
T(So) = sin(@) —cos(@) ) 


is a faithful representation of the full dihedral group as a group of reflections and rotations of R?. 
If this mapping is restricted to Dg we have a faithful representation 


























ais I a(Ra)= J < aiSo)= U oa Ss)= Q 
n(Ry)= -I x (Rg) = -J SS -U Ge (53x) = -Q 
where the matrices and their actions are described by the table 
Name | Matrix Action 
1 0 , 
I ( 01 ) Identity 
-1 0 ; 
—I o 1 ) Rotation by m 
0 —1 ; 9 
J 1 0 ) Rotation by 5 
0 1 : a 
—J 1 0 ) Rotation by -5 
U x = ) Reflection in the direction(0, 1) with mirror y = 0 
—U pa : ) Reflection in the direction(1, 0) with mirror x = 0 
Q i : ) Reflection in the direction(1, —1) with mirror y = x 














-Q ( eres ) Reflection in the direction(1, 1) with mirror y = —x 














The matrices Q and U play symmetric roles. If we let 


w= ali T) 


then the mapping g — W~'gW is an automorphism of 7(Dg) and we have 
W!QW= U 
W-'UW= -Q 
W-IJW = J 
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so we see that the matrices Q and U can be interchanged with the appropriate sign changes. These 
fundamental matrices satisify the relations 


QR?=U=Jt=I 


QU = -UQ =J 
QJ =-JQ =U 
JU=-UJ=Q 


An equally important set of matrices is the faithful representation of the quaternionic group Q in 
Mə (C) which is defined using the Pauli spin matrices c0, Ox, Oy, 0z and associate Pauli matrices 
TO, Tz, Ty, Tz 





























Name Matrix 
a 
nza [C] 
oy =i] E a) 
(2) mad ; a) 
wt G2) 
Tx = iQ E i 
ie n D 
T=iU | 4 =) 














and setting 


m= +o wi)= +m AYGY)= +m T(kK)= +r: 
m(—-1) = To T(—i)= Te T(—j)= Ty W(k)= -rz 





1.4.6. Modules, Submodules, and Direct Sums. Let A be a unital algebra over the real field R. A 
left A-module M is a real vector space M together with a multiplication mapping (a,m) > am 
from A x M > M which is bilinear 


(A141 + A242) m= Aj (aim) + A2 (aam) 
V ’ A ’ À ’ ’ ER 
alumi + fame) = pm (amı) + uz lama) a1, Q2, A1, A2, H1, H2 
and satisfies 
(ab)m = a(bm) 
lam= m 
A right A-module is similiarly defined with m (ab) = (ma)b. A right A°PP-module is the same 
as a left A-module and vice versa. A representation of A in L (M) is given by 8 (a) (m) = am. 
Conversely, if 0 is a representation of A in L (E) then E is a left A-module when az = 9 (a) (x). 
Thus there exists a one-to-one correspondence between left A-modules and representations of A. 


Va,bE€ A 
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The direct sum of left A-modules can be formed; if Mı and Mo are left A-modules then the vector 
space sum Mı ® Mz becomes a left A-module when a (m1, m2) = (am ,amz). A linear subspace 
N of M is a left A-submodule if an € NVa € A,n € N then N is a left A-module in a natural way. 
If Nı and No are left A-submodules then so is Nj + N2. The intersection of left A-submodules is 
again a left A-submodule. If C is a non-empty subset of a left A-module M then there is a smallest 
left A-submodule containing C defined by 


[C]; = {a1ce1 +: + apc, k > 0,a; € Aye; E€ C} 
if C = {c1,...,cn} we write [c1,...,cn], then 
CEA = {acı Hee F Annas E A} 


If M = [c1,...,Cn]4 is a left A-module then we say that M is a finitely generated left A-module. 
If M = |c]; = {ac : a E€ A} then M is a cyclic left A-module and c is called a cyclic vector for M. 
Suppose that Mı and Mə are both left A-modules; then a linear mapping T from Mı to Mə is 
called a module homomorphism, or A-homomorphism or simply module morphism or A-morphism. 
Suppose that N = Nı @---@ Nn and M = Mı ®---® M, are direct sums of left A-modules. A 
linear mapping 6: N —> M is an A-morphism iff there is a set of A-morphisms 6;; : N; —> M; such 
that 
0 (x) = ( 4 04525 iV a, syste sta) EN 

Particularly, if M; = N; = L then Hom, (N, M) is isomorphic to Mm,n (End, (L)), the space of 


mxn matrices with entries in End, (L). The space Endy (A) is naturally isomorphic as an algebra 
to AOPP, 


1.4.7. Simple Modules. A left A-module M is said to be simple if it is not {0} and has no left 
A-submodules other than {0} and M itself. Thus A is simple iff the representation 7: A > L (M) 
defined by 7 (a) (x) = az is irreducible which is the case iff every non-zero element of M is a cyclic 
vector. A unital algebra A is a simple left A-module iff A is a division algebra; that is, every element 
of A has a two-sided inverse. 


Theorem 1. Schur’s Lemma 


Suppose that T € Homy (M1, M2) where M, and Mz are simple left A-modules. If T 4 0 then 
T is an A-isomorphism of Mı onto Mz and T~! is also an A-isomorphism. 


1.4.8. Semi-simple modules. A left A-module is semi-simple if it can be written as a direct sum of 
simple left A-modules M = Mı ®---® Mg which is the case only when M is the span of its simple 
left A-submodules. A semi-simple left A-module is finitely generated since each M; is cyclic. If 
N is a non-zero simple submodule of M then N is isomorphic as a left A-module to M; for some 
1 <i < k. A finite-dimensional simple unital algebra A is semi-simple. 


Corollary 1. Wedderburn’s Theorem 
If A is a finite-dimensional simple real unital algebra then there exists k € N and a division 


algebra D = R,C, or H such that A ® M, (D) and thus A & Endp (D*) 


Any irreducible unital representation of Mp (D) is essentially ther same as the natural repre- 
sentation of Mp (D) as Homp (De), and any finite-dimensional representation is a direct sum of 
irreducible representations. 
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Theorem 2. Let D = R,C,orH and suppose that W is a finite-dimensional real vector space and 
that 1: Mp (D) > L(W) 

is a real unital representation. Then the mapping (A, w) > r (AI) (w) from D x W to W makes 
W a left D-module, dimp (W) = rk for some r, and there is a m-invariant decomposition 


W=W 8: 8 W, 


where dimp (W,) = kY1 < s < r. For each 1 < s < r there is a basis (e1,...,€k) of Ws and an 
isomorphism Ts : A —> Mp (D) such that 


k k k 
A) X jej = Xe i>a aij£j where (aij) = Ts (A) 
j=1 i=1 j=l 


1.5. Multilinear Algebra. 
1.5.1. Multilinear Mappings. 
1.5.2. Tensor Products. 


1.5.3. The Trace. Suppose that E is a d-dimensional vector space over K with basis (e1,...,eq¢) and 
dual basis (¢1,..., a). Consider the tensor product E®E’ which has as its basis {e; Q ¢; : 1 < i, j < d}. 
The mapping (x, Y) > y (x) : E x E’ > K is bilinear and so there exists t € (E @ E’)’ called the 
contraction of the elementary tensor x @ y such that t(x y) = W(a)Va € E,w € E’. There 
exists a natural isomorphism A of E & E’ onto L (E). If T € L(£) then the trace of T is defined 

T (T) =t (A (T)). If T is represented by the matrix (t;;) then 





d 
5 tijei 8 Qj | = S > tijd) (e:i) = ae 
ij ij i=1 
It is often more convienent to work with the normalized trace 
T (T) 
n T)= 
S a 


If Tı € L (E1) and To € L (E2) then it is true that 
T(Tı @ Tə) _ 7 (T1) r (Ta) 


Suppose that A is a finite-dimensional unital algebra. The left regular representation l is an algebra 
isomorphism of A into L(A). Define the trace and normalized trace, T (a) = T (la) and Tn (a) = 
Tn (la). Then 7 (ab) = 7 (ba) and mn (ab) = Tn (ba) Va,b € A. Since lı is the identity mapping on 
A, Tn (1) = 1. Elements of the null space of 7, are called pure elements, and elements of span (1) 
are called scalars. Let Pu (£) = £ — Tn (x) 1Vx € A; then Pu is a projection of A onto the subspace 
Pu (A) of pure elements of A and A = span (1) & Pu (A). If x =al+bi+cj4+dk € H then 1, is 
represented by the matrix 


a —b —c -d 
Le b a -d c 
7” | c d a —b 

d —c b a 


with respect to the basis (1, i, j, k) so that 7 (x) = 4a and mn (£) = a. 
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1.5.4. Alternating Mappings and the Exterior Algebra: Fermionic Fock Spaces. Suppose that E is 
a d-dimensional vector space over K with basis (e1,...,eq) and dual basis (¢1,...,¢4) and that 
F is a vector space over K. A k-linear mapping a : E* — F is alternating if a(z1,..., £k) = 0 
whenever there exists distinct indices 7 and j for which x; = z;. 


Proposition 2. Suppose that m € M*(E,F). Then the following statements mean the same thing 


i. m is alternating 


ii. M(£1,..., 2k) = €()M(Xo(1),--+,Lo(py)VO E€ Uz (where e(o) is the signature of the permutation 
a) 
iii. If i,j are distinct elements of {1,...,k} and if x, = £j, x; = zi and x, = x for all other 


indices | then m(a1,...,t%) = —m(a4,..., 24) 

The set of alternating k-linear mappings of E* into F is a linear subspace of M* (E, F) denoted 
by A* (E, F). A* (E) will be written for A! (E, K) and the dual of A* (E) by A” (E). Suppose 
that (£1,...,£ķ) € EF. The evaluation mapping a > a (£1,..., £k) from AF (E) to K is called 
the wedge product or alternating product of x1,...,x,% and is denoted by zı A... A ax. The wedge 
product is a linear functional on A* (E) and so are elements of A” (E). The alternating k-linear 
mapping (21,...,7%): E® > A" (E) is denoted by A*. It is the case that 

A‘ (Œ) = span {x1 A... A Tp : (a1,...,¢%) E E*} 
= span {ej} A... A ej :1< ji << jk Sd} 


i 
To prove the fact, suppose that a € (^ (E)) , then a(z£1,..., £k) = (a1 A...Aa%) (a) = 


OV (a1,..., £p) E EF so we see that a = 0. We expand 2,...,a% in terms of the basis and it follows 
from the fact that \* is an alternating k-linear mapping that (x1,..., £) € span (ej, A... A e;,) V1 < 
jı <- < jk S d. The dimension of the wedge product is the binomial coefficient “d choose k”. 


aim (A) = (0) = ato 


The exterior algebra N* (E) of E is a unital associative algebra of dimension 2% with multiplication 
denoted by A. It is a super-algebra (1.4.1) if we set 


A) = {sem (A Œ) : teven} 
N®)= {sem (A ©) , koda} 


If T € L(E,F) and 1< k < d then T defines an element T) : A“) (F) > A“) (E) by 
T) (a) (£1,..., £4) =a (T (21),...,T (re) 
The transpose mapping of T in L (A‘ (E), N" (F)) is denoted by A* (T). Particulary, if E = F and 


k = d then ^ (T) is a linear mapping from the 1-dimensional space Af (E) into itself, and so there 
exists an element det (T) € K such that ^4 (T) (a1,...,va) = (det (T) (x1,...,2a)). In the field of 
quantum physics, exterior algebras are known as fermionic Fock spaces. The structures of Hilbert 
state spaces associated with free fields are called Fock spaces, in honor of Vladimir Fock(1898-1974). 
(3, p.112][2, 2.2.2][1, 3.5] 
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1.5.5. The Symmetric Tensor Algebra: Bosonic Fock Spaces. Suppose that FE is a d-dimensional 
vector space over K, with basis (e1,...,ea). A k-linear mapping s : E* + F is symmetric if 


s (£1,..., 2k) =S (Being. See) Yo E Up 


The set S* (E, F) of symmetric k-linear mappings s : E* — F is a linear subspace of M* (E; F). 
We will denote S* (E, K) by S! (E) and the evaluation mapping s > s(21,...,2,) from S* (E) to 
K by the symmetric tensor products 


£1 8s- Qs ty E S! (EY 
The span of the symmetric k-linear tensor product mappings &s is denoted by 
SE (E) = span {e;, Qs: Qs ej, : 1 S jı S+ S jk < d} 
= S (By! 
The dimension of &s (E) is given by 
pats o (n+k-1)! 


di s(E)) = = 
ee te) ( pea nl (k= 1)! 
In quantum physics, symmetric tensor algebras are called bosonic Fock spaces. 


1.5.6. Creation and Annihilation Operators. Let 
(£1,..., 2k41) 
denote a sequence with k + 1 terms, and let 
(ieies ay te ERLI) 
denote a sequence with k terms, obtained by deleting the jth term. Similiarly, let 
CE E Be RA) 


denote a sequence with k — 1 terms, obtained by deleting the ith and jth terms. The following pair 
of operators feature prominently in the field of quantum physics. If a,b € A“ (E), let la (b) =a Ab 
then the mapping l : a > la is the left regular representation of the algebra /\* (E) in L(A% (E)); 
it is a unital isomorphism of A” (E) onto a subalgebra of L (/\* (E)). In particular, if £ € Æ then 
we rename the operator ly to Mg and call it the creation operator 


k k+1 
mz: NÆ) > A (2) 
Suppose that ¢ € E’ and a € A* (E). Define Ig (a) € M**! (E) by setting 
lọ (a) (£1,-.-,£k41) = $ Ci) 0a sy k41) 
and note that lọ (a) is not alternating. Let 
Pala) (zite) = WD DRA E(a)¢d (to(1)) a (toa), te ,Zo(k+1)) 
= zH Dja (1) ¢ (ay) a (aa, Êj,- -3 Ekt1) 


then P; (a) € A¥H! (E) and Py € L (AF (E), A*™ (E)). The annihilation operator is defined by 
the transpose mapping 
k+1 k 


io: \ E= AE) 
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and we have dg (A) = OVA € K. If we let k vary and consider 54 as an element of L(A” (E)) it can 
be shown that 
So (ti A+ Ate) =H Led e(o) b (to(1)) (Pola) A+++ A Bo(k)) 
pet (C17 Oley) a (£1 Ae Ne; Ae Ap) 


and that 


and 
Mzbg + 6gMz = Q (x) 


The creation and annihilation operators are also known as raising and lowering operators. 
1.5.7. Tensor Products of Algebras. 

1.5.8. Tensor Products of Super-Algebras. 

1.6. Quadratic Forms. 


1.6.1. Real Quadratic Forms. Suppose that E is a real vector space. A real-valued function q on 
E is called a quadratic form on E if there exists a symmetric bilinear form b on E such that 
q(x) = b(a,x) Vax € E, and a vector space E equipped with a quadratic form q is called a quadratic 
space (E,q). Thus each symmetric bilinear form on E defines a quadratic form on E. The set 
Q (E) of quadratic forms on E is a linear subspace of the vector space of all real-valued functions 
on E. Distinct symmetric bilinear forms define distinct quadratic forms. Every linear subspace of 
E is regular iff q is positive definite or negative definite 


1.6.2. Orthogonality. As in the previous section, let (E,q) be a quadratic space with associated 
bilinear form b. We say that x and y are orthogonal and write x L y or equivalently, due to 
symmetry, y L x, if b (x,y) =0 for x and y in E. If x Ly then q(x +y) =q(x) + q(y). If Aisa 
subset of E, we define the orthogonal set A+ by 


A+ = {xz:x Lava € A} 


Proposition 3. Suppose A is a subset of a regular quadratic space E, and that F is a linear 
subspace of E. 

i. A— is a linear subspace of E 
ii. If AC B then A+ D Bt 

At+ D A and Att+ = At 

iv. A= =span(A) 

v. F=F++ 
vi. dim (F) + dim (F+) = dim (E) 

















Proposition 4. Suppose F is a linear subspace of a regular quadratic space (E, q), then the following 
are equivalent. 
i. (F,q) is regular 
ii. FN Ft = {0} 
iii. E = F8 Ft 
iv. (F+,q) is regular 
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1.6.3. Diagonalization. 


Theorem 3. Suppose that b is a symmetric bilinear form on a vector space E and that there exists 
a basis (e1,...,€a) and a pair of non-negative integers with p+ m =r, the rank of b, such that if 
B is represented by the matrix B = (bij) then 


1 g=tandl.<i<p 
bij = 4 -1 j=iandqp+1<i<p+m 
0 otherwise 


A basis which satisfies the conclusions of Theorem 3 is called a standard orthogonal basis. If 
(E,q) is a Euclidean space and b is the associated bilinear form then b; = 1V1 < i < d and the 
basis is called an orthonormal basis. If (e;) is a standard orthogonal basis and if x = ees Zie; and 


y= DA Yiei then 


p ptm 
b (x,y) = Sain z 5 Tiyi 
i=1 i=p+1 
and 
p ptm 
a(z)= Soa - >> af 
i=1 i=p+1 


For more general fields there exists a basis and set of scalars for which 


d d 
q(x) = 5 AjaVr = 5 zje; EE 
j= j=l 


Theorem 4. Sylvester’s Law of Inertia 

Suppose that (e1,...,ea) and (fi,..., fa) are standard orthogonal bases for a quadratic space 
(E,q) with corresponding parameters (p,m) and (p',m’). Then p =p! and m =m’. The letters p 
and m represent plus and minus respecitvely. 


The pair (p,m) is called the signature of q so that we have 


p p+q 
Q(z)=Soai- YO ai 
i=l i=p+1 


If (E1,q1) and (E2,q2) are quadratic spaces with signatures (p1, mı) and (p2, M2) then the direct 
sum E ® Ez also becomes a quadratic space when we define q (z1 ® £2) = qı (x1) + q2 (£2). If 
(E, q) = (E1,q1) ® (E2,q2) then the signature of (E, q) is (pı + p2, Mı + M2). The Witt index w 
of (E, q) is defined to be w = min (p, m). If w > 0 then (E,q) is a Minkowski space. A regular 
quadratic space with m = 1 is called a Lorentz space. Another special case occurs when p = m and 
p +m = 2p = 2m in which case (E, q) is called a hyperbolic space. 


Proposition 5. Suppose that (E, q) is a hyperbolic space of dimension p+m = 2p then there exists 
a basis (f1, ..., fpt+m) such that 


b( fai, far—1) = b(fzi—1, fi) = IVI Si < p 
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If (e1,...,ea) is a standard orthogonal basis for E then 
pS ei + ep+i 
2i—1 V2 
fi = i 


V2 


is called a hyperbolic space and if x = E&x; f; and y = El yi fi then 
b(x, y) = (x1y2 + tay) + +: + (€a-1Yad + LaYa-1) 
q(x) = 2(£1£2 + z384 +: + Zq_-124) 


1.6.4. Adjoint Mappings. Suppose (E,q) is a regular quadratic space with bilinear form b. Then 
lẹ is an injective linear mapping of E into Æ’ which enables us to define the adjoint of a linear 
mapping from F into a quadratic space 


Theorem 5. Suppose that T is a linear mapping from a regular quadratic space (E1,q1) into a 
quadratic space (E2,q2). Then there exists a unique linear mapping T° called the adjoint from Ez 
to E such that 

bo(T (x), y) = bı (x, T° (y) Va € E,,y € E2 


where bı and bz are the associated bilinear forms. 


Proposition 6. Suppose that (E1,q1) and (E2,q2) are regular quadratic spaces with standard or- 
thogonal basis (e1,...,ea) and (fi,..., fa) respectively, T € L(E,, E2) and that T is represented 
by the matrix (tij) with respect to these bases. Then T° is represented by the adjoint matrix (¢4;) 
where 

tji = qı (ej)q2(fi)tij 
As a corollary, if T € L(E) then det(T®) = det (T). 


1.6.5. Complex Inner-Product Spaces. An inner product on a complex vector space E is a mapping 
from E x E into C which satisfies 
(01%1 + Q2%2,y) = a1(£1, Y) + Q2(£2, Y) 
(x, Biyı + Bayo) = Bi(t,y1) + B2(x, y2) 
ii. (y, x) = (a, y)Va,y € E 
iii. (x, x) > OV{t@ Ee EB: x #0} 
For example, if E = C? then the usual inner product is given by 
d 


(z,w) = >> zü; 


j=1 


Vz, £1, £2, Y, Y1, Y2 € E, 01,02, p1, Be EC 





A complex vector space E equipped with an inner product is called an inner-product space. An 
inner product is sesquilinear if it is linear in the first variable and conjugate-linear in the second 
variable. This is the convention that mathematicians use; physicists use the reverse convention. 
The quantity 
læll = v (z, x) 
is a norm on E and the function d: E x E —> R defined by 
d(x,y) = || — yl| = v (£ - y, £ — y) 


is a metric on E. If E is complete under this metric then E is called a Hilbert space in honor of 
David Hilbert(1862-1943). Any finite-dimensional inner product space is complete and is known as 
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a Hermitian space in honor French mathematician Charles Hermite. It follows that if (Æ, (.,.)) is 
an inner-product space then there exists an orthonormal basis < e1,..., eq >for E such that 


0 tFj 


If T is a linear mapping from a Hermitian space E to a Hermitian space F then there is a unique 
linear mapping T* : F > E called the adjoint such that 


(exes) = { ae teed V1<i,j<d 


(T (x) ,y) = (z, T* (y) Va € E,y € F 


The group of linear isometries of (E, (.,.)) is denoted by U (E, (.,.)) and is called the unitary group. 
If det (T) = 1 then T is in the special unitary group SU (d). 


1.7. Clifford Algebras. 


1.7.1. Universality. Suppose that (E, q) is a d-dimensional real vector space E with quadratic form 
q, associated bilinear form b and standard orthogonal basis (e1,...,eq) and that A is a unital 
algebra. A Clifford mapping is an injective linear mapping j : E > A such that 1 ¢ j (E) and 
j (£)? = —q (x) 1Yx € E. If furthermore j (E) generates A then A together with the mapping j is 
called a Clifford algebra for (E, q). If j is a Clifford mapping, and x,y € E then 





j(e)i@)+IWI@) =j ia a 
= — (q (x +y) +q (x) +q (y))1 
If x Ly then cy = —ya. 
Theorem 6. Suppose that a,,...,aq are elements of a unital algebra A. Then there exsists a 


unique Clifford mapping j : (E,q) > A satisfying j (e1) =aV1 S i < d iff 


a? = —q (ei) Vl<i<d 
ailj + ajai =0 Vi<i<j<d 
1 ¢span(a1,..., aa) 


A Clifford algebra A(E,q) is said to be universal if whenever T € L(E,F) is an isometry of 
(E,q) into (F,r) and B (F,r) is a Clifford algebra for (F,r) then T extends to an algebra morphism 
T:A(E,q) > B(F,r) 


By FSB(Fr)¢_A(E,g) LE 


Let Q = Og = {1,...,d} and C = {i1,..., ip} where 1 < i < +--+ < ip < d then define the 
element ec of A to be the product e;,...e;, with eg = 1. If |C| > 1 then ec depends on the 
ordering of the set {1,...,d}. The element eg = e1...eq will be particularly important. Suppose 
that A = span (P) is a Clifford algebra for (E,q) where P = {ec:C CQ}. If P is a linearly 
independent basis for A then A is universal. If (E,q) is a quadratic space then there always exists 
a universal Clifford algebra A (E, q). 
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1.7.2. Representation of Ao,3. The Clifford algebra Ao,3 is isomorphic to Mə (C). The Pauli spin 
matrices (1.4.5) are used to obtain an explicit representation. Let us define j, a Clifford mapping 
of Ro,3 into Mz (C) which extends to an isomorphism of Apo,3. 
j (£,Y, Z) =o, + yoy + 20, 
=2Q+iyJ + zU 


_ ž x — iy 

~\ a+iy -=z 
The reason for a, being complex is that that the center of Ao,3 is Z(Ao,3) = span(l,eq) = C 
where eo = Q (iJ) U = i. Thus Ap 3 can be considered as a 4-dimensional complex algebra where 


multiplication by 7 becomes multiplication by eg. We note that j (IRo,3) is the 3-dimensional real 
subspace of Mə (C) consisting of all Hermitian matrices with zero trace: 


j Ro,3) = {T € M2 (C) : T = T*, T (T) = 0} 
The group Ag. 3 is generated by the elements 


fz = €3€2 
fy = e1€3 
fz = €2€1 


and we have j (fx) = Tx,j (fy) = Ty, andj (fz) = Tz where Tz,7,,and7, are the associate Pauli 
matrices. Thus 
j (Ags) =H 


1.7.3. Spin (8). This section is copied nearly verbatim from [2, Appendix 5.B]. The description of 
Dirac matrices for Spin (8) requires a Clifford algebra with 8 anticommuting matrices. Because 
of their importance, and the fact that they are useful building blocks for 10-dimensional Dirac 
matrices, they will be described explicitly. The Dirac algebra of Spin (8) requires 16-dimensional 
matrices corresponding to the reducible 8, + 8. representation of Spin (8). This notation can be 
confusing due to its usage as representing the operation of taking powers, but this is how it is in 
the literature. These matrices can be written in block form 


e 0 Yaa 
Yis 
where Ya is the transpose of Yaa. We also see that the equations {7', 7} = 26” sare satisfied if 


Yea Van a aan = 26 bap Vi.i=1...8 
hart, + Kathy = 28a FT 
aa ab aa ab a 





A specific set of matrices yf, that satisfy these equations, expressed as direct products of 2 x 2 
blocks is 

= ity X iTy X Ty 

= 1 X Ty X ity 

= 1 X Tz X iTy 

= Tg X ity X1 

=T; X iTy X 1 

= 1Ty X 1X Tz 

=iTy X 1x Tt, 

=1x1xl 


2 2 2 2 RR a2 
oN Oana A wD 
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where Tz, Ty, and T, are the associate Pauli matrices (1.4.5). We define 
a ee oniani 
Vab = z Vaa Vab Saa Tao) 
and similarly for 
ij lei 


Tens e a 


This representation has connections to 10-dimensional Majorana-Weyl spinors. [2, p.220] 


2. MODULAR FORMS 


2.1. Modular Transformations. 


2.1.1. Definitions. A modular transformation is one of the form 


soe E EO 
~ er+d 





V {a,b,c,d E Z: ad — be = 1} 


This set of transformations forms a group called the modular group which is isomorphic to SL (2, Z). 
A function G (T) is called a modular form of weight 2k if 


G(r!) = (er +d)" G(r) 


is true for all modular group transformations. Examples of modular forms of weight 2k are the 
Eisenstein series(NOT Einstein series...although that might make a good joke) 


Gor (T) = Conn) g¢(o,0) (m+n) 


= (2mi)?* co 2rimr 
= 2¢ (2k) (1+ R- DCO Lem=1 72k-1 (mM) € 


which converges for 1 < k € Z where ¢ (s) is the Riemann zeta function 


Coes a 
n=1 
and 


Ta (kh) =X a° 


d|k 


which runs over all positive integer divisors of k. The idea is that the sum goes over all the 
lattice points in the complex plane whose structure is determined in terms of the complex number 
T. Modular transforms map this lattice into itself so Gg, (T) transforms simply under modular 
transformations. A basic theorem of modular forms states that an arbitrary holomorphic modular 
form of weight 2k can be expressed as a polynomial in G4 and Gg. The only modular form of 
weight 8 is GZ since the weights of modular forms are additive under multiplication. The smallest 
weight for which there is more than one independent modular form is 12 for which there are two 
independent modular forms, G3 and G2. [2, Appendix 6.B] 
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3. PHYSICS 


3.1. Particles with Spin 4. The Pauli spin matrices (1.4.5) were introduced by Wolfgang Pauli 
to represent the internal angular momentum of particles which have spin L. In quantum mechanics, 
an observable corresponds to a Hermitian linear operator T on a Hilbert space H and when the 
possible values of the observable are discrete, these are the possible eigenvalues of T. The Stern- 
Gerlach experiment showed that elementary particles have an intrinsic angular momentum, or spin. 
If x is a unit vector in R3 then the component J, of the spin in the direction x is an observable. 
In a non-relativistic setting, this leads to the consideration of a linear mapping x —> J, from the 
Euclidean space V = R? into the space Lp (H) of Hermitian operators on an appropriate state 
space H. Particles are either bosons, in which case the eigenvalues of J, are integers, or fermions, 


in which case the eigenvalues of J, are of the form Pkt, In the case where the pens has spin 
Z, each of the operators J, has just two eigenvalues, namely l (spin up), and —; 2 (spin down). 
Consequently, J? = I. Now, take the negative-definite quadratic form g(x) = — zl? on R® and 


consider Ro,3 as a subspace of Ao,3. Let j : Ao,3 —> Mə (C) be the isomorphism defined in (1.7.2) 
and let J; = lj (ei) = io; for i = 1,2,3. Thus 


A = ids 
JJ =i; 
Ish =4dp 


The Pauli spin matrices are Hermitian, and identifying Ao,3 with Mə (C) we see that we can take 
the state space H to be the spinor space ©?. If v = (x,y,z) € Ro3 and q (v) = —1 then 


1 z x— iy 
a =z ) 


is a Hermitian matrix with eigenvalues l and -4 and corresponding eigenvectors. 


respectively. 
3.2. The Dirac Operator. 


3.2.1. The Laplacian. Let U be an open subset of a finite-dimensional real vector space and F 
is a finite-dimensional vector space then define C (U, F) to be the vector space of all continuous 
F-valued functions defined on U, and, for k > 0, we define C* (U, F) to be the vector space of all 
k-times continuously differentiable F-valued functions defined on U. Suppose that U is an open 
subset of Euclidean space R4 and that F is a finite-dimensional vector space and that f € C? (U, F). 
Then the Laplacian is a second-order linear differential operator A : C? (U, F) > C (U, F) defined 


as 
d 
Le 
— ox? 
A harmonic function is one which satisfies A r = A E that Rp m is the standard regular 
quadratic space with signature (p,m). Then the corresponding Laplacian A, is defined as 
2 


Ag = D 1 2 ve Bef 


m of 
=) 1 ob z X ayri Ox? 


(3) 
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Then a function f is g-harmonic if Agf = 0. Paul Dirac noticed that the 2nd order linear 
differential operator —A, can be written as the square of a Ist-order linear differential operator in 
a noncommutative setting. 

Suppose that U is an open subset of Rp,m and that F is a finite-dimensional left A, ,,.-module 
and that f € Ct (U, F) then we define the (standard) Dirac operator as 


d 
of 
Dy =) alo) 
j=1 J 


and say that f is Clifford analytic if Dg f = 0. 


Theorem 7. Suppose that (€;) is any orthogonal basis for Rpm and (yi) denotes the corresponding 
coordinates. Then 


Z ð 
D; = 5 q (£i) “tay, 
i=1 s 


since each vector €; can be expressed in terms of the basis (ej) as 


and each vector e; can be expressed in terms of the basis (€;) as 


d 
ej = y bji£i 
i=1 








then 
Qij = b (Ex, ez) = b (ej, £i) = bji 
thus 
d 
D9 (i) dijaix = b (ej, €k) 
i=1 
since 
d 
of 4 ai (z F taijej) — f (x) 
x) = lim 
OY; t30 t 


and it follows that 





Now consider D2 as a mapping from C? (U, F) into C (U, F): 


d d aa 
Dy = Xia jar 4 (ei) q (ej) ciej Bay ay 
d Ə? 
me Yii q (ex) Oa? 
= —Ag 
where A, is the Laplacian (3). Thus, —A, has been written as the product of two 1st-order 


differential operators but with the added complexity of working in a noncommutative setting. Thus 
if we consider 


C? (U, F) 2% C! (U, F) 25 C (U, F) 
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then 

ker (D) ={f € C? (U, F) : f is Clifford analytic} 

ker (D2) = {f € C? (U, F) : fisq — harmonic} 
Furthermore, if f is q-harmonic then D,f is Clifford analytic. Also see [2, 4.1]. 


3.3. Maxwell’s Equations for an Electromagnetic Field. Maxwell’s equations for an electro- 
magentic field can be expressed as a single equation involving the standard Dirac operator. The 
simplest case of electric and magnetic fields in a vacuum varying in space and time will be consid- 
ered. Take an open subset U of R x R3 = R+. The points of U will be denoted by (t, x,y, z) where 
t is a time variable and x,y,and z are space variables. We begin by considering the electric field 
E = (E, E2, E3) and the magnetic field B = (Bı, B2, B3) as continuously differentiable vector- 
valued functions defined on U and taking values on R3. Given these, there exists a continuous 
vector-valued function J defined on U called the current density, and a continuous scalar-valued 
function p defined on U called the charge density. Then, with a suitable choice of units, Mazxwell’s 
equations are 














| V. electric field V.E = p | chargedensity | 
| V x magnetic field — Zelectricheld VxB- cE = J | current density | 
| Omagncticheld + Y x electric field 3B LV XE =0 | 
| V. magnetic field V.B =0 | 














These equations are invariant under Lorentz transformations rather than Euclidean co-ordinate 
changes. This is one of the main things that led Einstein to the theory of special relativity. Thus, 
instead of Rf we must consider the space R4, 3 , where (1,3) is its corresponding signature(1.6.3), 
with quadratic form 

q(t,2,y,2) = i= (a? +y? +2°) 
with orthogonal basis (e€9..3) = (€o, €1,€2,€3) and therefore consider U to be an open subset of 
Ry 3- [i p.159] 
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